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ABSTRACT

Let T" be a discrete group and for ¢ = 1,2; let o; be an action of " on
a compact abelian group X; by continuous automorphisms of X;. We
study measurable equivariant maps f: (X1,a1) = (X2,a2), and prove
a rigidity result under certain assumption on the order of mixing of the
underlying actions.

1. Introduction

Throughout this paper the term compact abelian group will denote an infinite
compact metrizable abelian group. An algebraic action « of a discrete group I'
on a compact abelian group X is a homomorphism «: v — a(%), from T into the
group Aut(X) of continuous automorphisms of X. An algebraic [-action o on a
compact abelian group X is said to be mixing of order k if for any & Borel sets
Ai, ..., Ax C X, and for any k sequences sy,...,s; in I’ with si_lsj(n) — 00 as
n — oc for all 7 # j,

k k
v (atstm)an) = T s,

The action « is said to be mixing if it is mixing of order two.
Let a and 3 be algebraic T'-actions on compact abelian groups X and Y,
respectively. A Borel map ¢: X — Y is equivariant if

doal(y)=p(y)o ¢ Ax-ae., forevery y el
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The actions « and # are measurably, topologically or algebraically con-
jugate if the map ¢ as above can be chosen to be a Borel isomorphism, a
homeomorphism or a continuous group isomorphism (in which case ¢ is called
a measurable, topological or algebraic conjugacy of (X,a) and (Y, 5)). A
map ¥: X — Y is affine if there exist a continuous group homomorphism
P’ X — Y and an element y € Y with ¢(z) = ¢'(z) + y for every x € X.

In this paper we study rigidity properties of equivariant measurable maps be-
tween two algebraic I-actions. In order to formulate our main result, we need
to introduce the notion of a measurable polynomial between compact abelian
groups. Let X) and X5 be compact abelian groups and let f be a measurable
map from X; to X5. For any h in X;, we define a map Dy (f): X1 = X2 by

Dp(f)(x) = f(hx)f(x)~".

The map f is said to be a measurable polynomial if there exists a positive
integer k such that for all hy, ..., hgqt in Xy,

Dp,o---0Dp,, (f)(x) =1 for Ax,-ae. x € X;.

The smallest such integer is said to be the degree of f and it will be denoted by
deg(f). Our notion of a measurable polynomial can be viewed as the measurable
analogue of the the notion of a group polynomial, as defined in [4]. We will
show that any measurable polynomial agrees almost everywhere with a continu-
ous map, and that any measurable polynomial between two connected compact
abelian groups agrees almost everywhere with an affine map (see Proposition
3.3).
We will prove the following result.

THEOREM 1.1: Let I be a discrete group and let (X, ;) and (Xa, a3) be al-
gebraic T-actions on compact abelian groups X and Xg, respectively. Suppose
furthermore that the action oy Is mixing and there exists an integer k > 2
with the following property: for every non-trivial closed oa-invariant subgroup
H C X,, the restriction of os to H is not k + 1-mixing. Then any measurable
I'-equivariant map f: X, — X3 is a measurable polynomial with deg(f) < k— 1.

In the special case when I' = Z% and X, X, are zero-dimensional, we will
prove the following result as a consequence of the above theorem.

COROLLARY 1.2: Let o and asy be two mixing zero-entropy algebraic Z%-actions
on compact zero-dimensional abelian groups X, and X, respectively. Then for
any measurable equivariant map f: X; — X there exists a continuous map
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h: X1 — X3 such that f = h a.e. Ax,. In particular, if a1 and ay are measurably
conjugate then they are topologically conjugate.

We remark that under additional assumptions on the actions a; and a9, it
can be shown that the map f agrees a.e. with an affine map. For various related
results and examples see [1], [2], [3] and [5].

It is known that any mixing algebraic Z%action on a connected compact
abelian group is mixing of all orders (cf. [7]). However, if T is a torsion-free
discrete group which is not virtually abelian, then we will show that for any mix-
ing algebraic '-action on a compact connected finite-dimensional abelian group
X, there exists k > 2 with the property stated in Theorem 1.1 (see Proposition
2.5). Since any measurable polynomial between connected groups agrees almost
everywhere with an affine map, as another consequence of Theorem 1.1 we obtain
the following result.

COROLLARY 1.3: Let T be a torsion-free discrete group which is not virtually
abelian, and let oy and ay be mixing algebraic T'-actions on compact connected
finite-dimensional abelian groups X; and X, respectively. Then any measurable
I-equivariant map f: X1 — X, agrees almost everywhere with an affine map.
In particular, if the actions oy and ao are measurably conjugate then they are
algebraically conjugate.

2. Mixing properties of algebraic actions

For any compact abelian group X, we denote by X the Pontryagin dual of X.
If I' is a discrete group and (X, «) is an algebraic I'-action, then we denote by &
the D-action on X induced by a.

In this section we collect some results on higher order mixing of algebraic
I-actions. We begin with the following Lemma which shows that the order of
mixing of an algebraic I-action (X, «) can be described in terms of the dual
action @. The proof involves the standard technique of approximating indicator
functions by linear combinations of characters, and is left to the reader.

LEMMA 2.1: Let I be a discrete group and let (X, «) be an algebraic I'-action.
Then for any k > 2, the following are equivalent.
(1) The action « is not mixing of order k + 1.
(2) There exist ¢g,...,d in X, and sequences si, ..., sy in I such that ¢g # 0,
si(j} > o0 asj— oo foreachi=1,...,k, and

a(si(7)(

u'Mzr
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for every j > 1.

We remark that if « is k-mixing then we can choose non-zero ¢y, ..., ¢ in X ,
and sequences s1,...,8; in I’ with si_lsj (n) = oo as n — oo for all ¢ # j, which
satisfy the second condition in the above lemma.

Ford > 1, by Ry = Z[ui,.. ., uZ!] we denote the ring of Laurent polynomials
with integral coefficients in the variables uy, . .., uq4 and write the elements f € R4
as
(2.1) f= fau"

neZ4
with ™ = u]* ---uy? and fn € Z for all n = (ny,...,nq) € 74, where f, =0 for

all but finitely many n € Z¢.

If o is an algebraic Z%action on a compact abelian group X, then the
additively-written dual group M = X is a module over the ring Ry with
respect to the operation

fra= fad(n)(a)
nezd
for f € Ry and @ € M. The module M = X is called the dual module of a.
Conversely, if M is a module over Ry, then we obtain an algebraic Z4-action a
on Xpyy =M by setting
ap(n)(a) =u"-a

for every n € Z% and a € M. Clearly, M is the dual module of a .

A prime ideal p C Ry is associated with M if there exists m € M with
p = {f € R4| f-m = 0}. By Asc(M) we denote the set of prime ideals associated
to M. If M is Noetherian then Asc(M) is finite. It is known that various
dynamical properties of aps can largely be determined from Asc(M). We recall
the following results (cf. [6, Propositions 6.6 and 6.9]).

LEMMA 2.2: Let o be an algebraic Z%-action on a compact abelian group X.
Then the group X is zero-dimensional if and only if every prime ideal p associated
with the dual module M = X of o contains a rational prime constant p(p) > 1.

LEMMA 2.3: Let a be an algebraic Z%action on a zero-dimensional compact
abelian group X with dual module M = X.
(1) The following conditions are equivalent.
(a) « is expansive;
(b) the module M is Noetherian.
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(2) The following conditions are equivalent.
(a) apr has positive entropy (with respect to the normalized Haar
measure A\x of X);
(b) ar,yp has positive entropy for some p € Asc(M);
(c) some p € Asc(M) is principal (and hence of the form p = (p) = pR4
for some rational prime constant p > 1).
(3) For k > 2, the following conditions are equivalent.
(a) ap is mixing of order k;
(b) ar,/p is mixing of order k for every p € Asc(M).

LEMMA 2.4: Let a be an expansive zero-entropy algebraic Z%-action on a com-
pact zero-dimensional abelian group X. Then there exists k > 2 such that for
any closed non-trivial a-invariant subgroup Y C X, the restriction of o to Y is
not mixing of order k.

Proof: By the previous lemma Asc()A( ) is finite and every p € Asc(i’) is non-
principal. For every p € Asc():') we choose f(p) € Ry such that g.c.d. of the
coefficients of f(p) is 1. Let h € R4 denote the product of these polynomials
and let k denote the cardinality of the support of h. Suppose that Y is a closed
non-trivial a-invariant subgroup of X and q is an element of Asc(?). Since ¥ is
a quotient of )?, it follows that q contains some p € Asc()’(\'), and in particular
h € q. Since the g.c.d. of the coefficients of h is 1, h does not belong to p(q)Rq,
which shows that the action ag,/q is not mixing of order & (cf. [3, Lemma 3.1}).
Now the given assertion follows from the previous lemma. n

PRrROPOSITION 2.5: Let ' be a torsion-free discrete group which is not virtually
abelian, and let (X, ) be a mixing algebraic T'-action on a compact connected
finite-dimensional abelian group X. Then for any a-invariant non-trivial closed
subgroup H C X, the restriction of a to H is not mixing of order n + 1, where
n = dim(X).

Proof: Without loss of generality we may assume that I' is finitely generated.
Since X is a compact connected finite-dimensional abelian group, we can identify
X with a subgroup of Q" which contains Z". We define H' C X by

H* ={¢ € X| H C ker(¢)}.

Then @ can be viewed as a homomorphism from T to Aut():’ ) € GL(n, Q) which
leaves H' invariant. Since T' is torsion-free, ker(a) C T is either trivial or
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infinite. If ker(«) is infinite, then it is easy to see that the action « is not mixing.
Therefore, we may assume that I is a subgroup of GL(n, Q) and & is the natural
action of T on X. By Tits’ theorem T is either virtually solvable or contains a
copy of Fy, the free group with two generators. In the former case we choose any
finite-index solvable subgroup I'g C I'. Let GG denote the Zariski closure of I'g in
GL(n,C) and let G denote the connected component of G which contains 1. By
Lie’s theorem there exists + € GL(n,C) such that xGoz ™! is contained in the
subgroup of upper triangular matrices. Hence the commutator subgroup [Gg, Go|
has non-trivial fixed vectors in C*. We note that I'y = Gy NIy is a finite-index
subgroup of I', and since I' is not virtually abelian, [['y,T'1] is non-trivial. Let
W C C" denote the subspace consisting of fixed vectors of [[';,T';]. As W is non-
zero and defined over @, there exists a nonzero element v in W N Q". We note
that for sufficiently large N > 0, Nv € Z™ C X is fixed by [['y,T4]. Since this
contradicts the assumption that « is mixing, we conclude that T" is not virtually
solvable. Therefore there exist A, B in I' C GL(n, Q) which generate a free group.
We define C = ABA~!B~! and observe that C and B also generate a free group.
Since det(C) = 1, there exist integers my,...,m, such that 3., m;C* = I. We
define sequences s1,...,s, in ' by s;(j) = B~7C!BJ. Then for any non-zero ¢
in X and for every j > 1,

¢ = Z 31 (mz¢

If 3 denotes the restriction of o to H then B can be identified with the natural
action of I'on X /H*. Since H* is a proper subgroup of X, by the above equation
and Lemma 2.1, the action 3 is not mixing of order n + 1. [ ]

3. Rigidity of equivariant maps

For any compact abelian group X, we denote by U(X,T) the group of all Ax-
equivalent classes of measurable maps from X to T, together with pointwise
multiplication. We denote by End(U(X,T)) the group of all endomorphisms of
U(X,T). For any k > 0, we denote by X¥) the product of k copies of X, and by
Ok: X*®) 5 End(U(X,T)) we denote the map defined by

O(x)(f) = Dz, 0+ -0 D, (f)

for every x = (z1,...,x;) in X®), Clearly, for any f in U(X,T), 9x(x) (f)
trivial if and only if f is a measurable polynomial from X to T and deg( f) <k-



Vol. 137, 2003 HIGHER ORDER MIXING AND RIGIDITY 217

For any continuous automorphism 6 of X, we denote the induced automorphism
on X*) by g(F)_ Tt is easy to see that Ok (x)(f 0 8) = (6 x)(f) 0 6.

We note the following elementary fact on measurable maps between compact
abelian groups.

LEMMA 3.1: Let X, and X4 be compact abelian groups and let f be a measurable
map from X; to Xo.

(1) If there exists k > 0 such that for every ¢ in X/\g the map ¢o f is a measurable
polynomial of degree at most k, then f is a measurable polynomial and
deg(f) < k.

(2) If for every ¢ in ?2 the map ¢ o f agrees Ax,-a.e. with a continuous map
hg: X1 — T, then there exists a continuous map h: X1 — Xy such that
f=hae Ax,.

Proof We fix h in X®**D and define B to be the set of all z in X; with the
property that dxq1(h)(¢ o f)(x) # 1 for some ¢ in X,. Since X; is countable,
from the given condition it follows that B has zero Haar measure. We note that
for any ¢ in i'\g and for any = in X ™ B,

¢ 0 Opy1(h)(f)(x) = Frt1(h)(d 0 f)(z) = 1.

Since characters separate points we conclude that d;11(h)(f)(z) =1 o0on X; \ B,
which proves the first assertion. To prove the second assertion we define A C X;
by

A={x e Xq| po f(x)# hys(r) for some ¢ in i’;}

From the given condition and from the countability of X, it follows that the set
A has zero Haar measure. We note that for any x, in )/(\2 and for any x in
XiNA, hyyy(x) = hy(x) - hy(x). Since each hy is continuous, we deduce that
hy 4y = hy - hy for any x, ¢ in i’\z Hence for each x in X, the map ¢ — hy(x)
defines a homomorphism from i’\g to T. By the duality theorem there exists map
h: X1 — X3 such that hg(z) = ¢ o h(z) for all ¢ in X,. It is easy to verify that
the map h is continuous. We note that for any x in X7\ A and for any ¢ in )&/'\2,
¢ o f(x) = hg(x) = ¢ o h(x). Since characters separate points, this shows that
fl@y="h{z)forall z in X1 ™ 4. |

We define a metric on U(X,T) by d(f1. f2) = ||fi — f2||2, where ||.||2 denotes
the L?-norm on U(X,T). It is easy to see that the multiplication in U(X,T) is
continuous with respect to this metric.
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LEMMA 3.2: Let X be a compact abelian group and let f be an element of
U(X,T). Then for any k > 0, the map x + 0x(x)(f) from X*) to U(X,T) is
continuous.

Proof: First we will consider the special case when k = 2. For any ¢ in U(X,T)
let g denote the complex conjugate of ¢, and for any x in X let f, denote the
element of U (X, T) defined by f.(y) = f(yx). We define maps Si,...,54: X —
U(X,T) by

Si(xy,22) = foras S2(z1,22) = fuys Sa(21,22) = frps Sal@r,22) = f.

We note that for all x € X? | 95(x)(f) = S1(x) - So(x) - S3(x) - S4(x). Since the
right regular representation of X on L?(X) is continuous, it follows that each S;
is a continuous map. Since multiplication is a continuous map in U(X,T), this
proves the given assertion in the case k = 2. To prove the general case we define
S1,-..,S9¢ in a similar way and apply the same argument. |

ProposITION 3.3: Let X1, Xy be compact abelian groups and let f: X; — X2
be a measurable polynomial. Then f agrees Ax,-a.e. with a continuous map.
Furthermore, if X; is connected then f agrees Ax,-a.e. with an affine map.

Proof: From Lemma 3.1 we see that it is enough to consider the case when
X3 is a closed subgroup of T. We will prove both assertions by induction on
m = deg(f).

For i > 0, let P, C U(X;,T) denote the topological space consisting of all
measurable polynomials p: X; — X of degree at most ¢, together with the
subspace topology. It is obvious that Py consists of constant maps. If f € P,
then Dp(f) € P for all h in Xy, i.e, f(ha) = caf(z) Ax,-a.e., where ¢, is a
constant depending on h. This shows that f is an eigenfunction of the right
regular representation of X; on L%(X,), i.e., that f is an affine map.

Thus, the given assertions hold if deg(f) < 1. Since characters form an ortho-
normal basis of L2(X,) we also deduce that P, is homeomorphic with Py x 5&\'1,
where ?1 is equipped with the discrete topology.

Let 7 denote the projection map from Pj to 5(\1 If deg(f) > 2, we consider
the map g¢: X§m*1) ~ X defined by

q(x) =m0 I (x)(f)-
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By the previous proposition ¢ is a continuous map. Since Xis discrete, the image
of ¢ is finite. Hence there exists a finite-index subgroup K1 C X {m_l) such that
g factors through Xim_l) /K. We choose a finite-index subgroup K C X; such
that K™= € Ky. Then 8,,_1(x)(f) lies in P, for all x in K(™~Y)_ This implies
that the restriction of f to A is a measurable polynomial of degree at most m—1.
Let Kyy,..., Ny, be the cosets of K and for i = 1,...,l let f;: X7 — X, be the
map defined by fi(x) = f(yix). Since Om_1(x)(fi}(z) = Om-1(x)(f)(yiz) for
each i, we conclude that restriction of each f; to K is a measurable polynomial
of degree at most m — 1. By the induction hypothesis restriction of each f; to K
agrees Ax,-a.e. with a continuous map, i.e., f agrees Ay, -a.e. with a continuous
map.

If X, is connected then ¢ is trivial, i.e., deg(f) < m — 1. By the induction
hypothesis f agrees Ax,-a.e. with an affine map. |

Proof of Theorem 1.1: Let K C A/'\z denote the subgroup consisting of all ¢
such that ¢ o f is a measurable polynomial and deg(¢ o f) < k£ — 1. Since
doagy(y)of=¢ofoay(y) for all y €T, it follows that A is invariant under the
action 3.

Suppose that K is a proper subgroup of )/{\2 We define a closed ay-invariant
subgroup H C X, by

H = {x| ¢(x) =1 for all ¢ in K}.

Let 3 denote the restriction of oz to H. By our assumption the action 8 is not
mixing of order k£ + 1. We note that B can be identified with the I'-action on
)&/’\2 /K induced by @3. By Lemma 2.1 there exist ¢g, ¢1,. .., ¢r in )/(\2, sequences
$1,...,8, in T" and a sequence Yy, x2,-.. in i such that ¢ ¢ K, s;(j) — oo as
j—ooforallie{l,....k}, and

k
$o=xj + Z¢i o az(s:(4))
1=1
for all j > 0. Since f is ['-equivariant this implies that, for all § > 0,
k
goof=(x;0f)-[[#io0foalsi(i))
=1

For any h in U(X;,T) we define a map A®): X{¥) 5 R+ by

R (x) = |95 (x)(h) = 1]2.
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By Lemma 3.2 the map h‘*) is continuous for any h in U(X;, T). We note that
AERE < B L plF) and (Ro)® = B® 0gF) for any continuous automorphism
0 of X;. Furthermore, A*) is identically zero if and only if k is a measurable
polynomial and deg(h) < k—1. We define continuous maps go, g1, . - -, gt X {k) —
R* by ¢; = (¢i0f)*). Since for each j, the map x;o f is a measurable polynomial
with degree at most k — 1, it follows that (y; o f)*) is identically zero for all j.
This implies that for all j > 0,

k
g0 < Zqi o o (si (7)™,

i=1
We claim that go is identically zero. It is enough to show that for any open set
UcX fk) and for any € > 0 there exists y € U such that ¢o(y) < €. We choose
open sets Vi,..., Vs in X7 such that Vj x---x V}, C U. It is easy to see that each
¢; is uniformly continuous and has the property that g;(x1,...,2x) = 0 whenever
x; =1 for some j in {1,...,k}. Hence there exists a neighbourhood W of 1 in
X such that for each 4, ¢;(x) < ¢/2k, whenever z; € W for some j. As the
action « is mixing, for any ¢ the set a(s;(3))(V;)NW is non-empty for sufficiently
large j. We choose N > 0 and yy,...,yx in X; such that for all 4, y; € V; and
a(s;(N))(y;) € W. Since y € U and

k
0y €3 g0 alsi(N)P(y) < ¢/2,
=1

this proves the claim. Now from the above claim it follows that ¢g o f is a
measurable polynomial with degree at most k& — 1, i.e., that ¢o € KA. This
contradiction shows that K can not be a proper subgroup of i’; Now Theorem
1.1 follows from Lemma 3.1. n

Proofs of Corollary 1.2 and Corollary 1.3: From Proposition 2.5 and Propo-
sition 3.3 we see that Corollary 1.3 is an immediate consequence of Theorem
1.1. To prove Corollary 1.2, we fix any ¢ in i’\z and define K to be the smallest
Orp-invariant subgroup of §(\2 which contains ¢. Let 3 denote the Z%action on
K induced by asg, and let m: X3 — K denote the dual of the inclusion map
it K — )/(\2 Then 7 is a surjective Z%equivariant continuous homomorphism
from (X2, as) to (K ,83). By Lemma 2.3 the action g is expansive. Since the
action (f{ ,B) is a factor of (X3, a2), it has zero entropy. Applying Lemma 2.4
and Theorem 1.1 we see that the map 7 o f is a measurable polynomial. Since ¢
is arbitrary, this implies that ¢ o f: X; — T is a measurable polynomial for all
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¢ in ?\2 By Proposition 3.3 and Lemma 3.1 the map f agrees Ax,-a.e. with a
continuous map. ]
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